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Stanley depth of monomial ideals in three variables
Mircea Cimpoeas¸
Abstract
We show that depth(S/I) = 0 if and only if sdepth(S/I) = 0, where I ⊂ S =
K[x1, . . . , xn] is a monomial ideal. We give an algorithm to compute the Stanley
depth of S/I, where I ⊂ S = K[x1, x2, x3] is a monomial ideal. Also, we prove that
a monomial ideal I ⊂ K[x1, x2, x3] minimally generated by three monomials has
sdepth(I) = 2.
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Introduction
Let K be a field and S = K[x1, . . . , xn] the polynomial ring over K. Let J ⊂ I ⊂ S
be two monomial ideals. A Stanley decomposition of I/J is a decomposition D : I/J =⊕r
i=1 uiK[Zi] as K-vector space, where ui ∈ S are monomials and Zi ⊂ {x1, . . . , xn}.
We denote sdepth(D) = minri=1|Zi| and sdepth(I/J) = max{sdepth(D)| D is a Stanley
decomposition of I/J}. The number sdepth(I/J) is called the Stanley depth of I/J . Herzog,
Vladoiu and Zheng show in [7] that this invariant can be computed in a finite number
of steps. There are two important particular cases. If I ⊂ S is a monomial ideal, we
are interested in computing sdepth(S/I) and sdepth(I). There are some papers regarding
this problem, like [7],[10],[9], [11] and [5]. Stanley’s conjecture says that sdepth(S/I) ≥
depth(S/I), or in the general case, sdepth(M) ≥ depth(M), whereM is a finitely generated
multigraded S-module. The Stanley conjecture for S/I was proved for n ≤ 5 and in other
special cases, but it remains open in the general case. See for instance, [4], [6], [8], [1] and
[3].
Let I ⊂ S be a monomial ideal. We assume that G(I) = {v1, . . . , vm}, where G(I)
is the set of minimal monomial generators of I. We denote g(I) = |G(I)|, the number
of minimal generators of I. Let v = GCD(u| u ∈ G(I)). It follows that I = vI ′, where
I ′ = (I : v). For a monomial u ∈ S, we denote supp(u) = {xi : xi|u}. We denote
supp(I) = {xi : xi|u for some u ∈ G(I)}. We denote c(I) = |supp(I ′)|. In the first section,
we prove results regarding some relations between sdepth(S/I), sdepth(I), g(I) and c(I).
We prove that depth(S/I) = 0 if and only if sdepth(S/I) = 0, see Corollary 1.6. Thus, the
Stanley’s conjecture is true for S/I, when sdepth(S/I) = 0. In the second section, we give
an algorithm to compute sdepth(S/I), where I ⊂ S = K[x1, x2, x3] is a monomial ideal,
see Theorem 2.3. We prove that a monomial ideal I ⊂ K[x1, x2, x3] minimally generated by
three monomials has sdepth(I) = 2, see Theorem 2.4. Also, if I ⊂ K[x1, x2, x3] is saturated,
we prove that sdepth(I) ≥ 2, see Proposition 2.8.
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1 Preliminaries results
Firstly, we recall the following result of Herzog, Vladoiu and Zheng.
Lemma 1.1. [7, Lemma 3.6] Let J ⊂ I be monomial ideals of S = K[x1, . . . , xn], and let
T = S[xn+1]. Then sdepth(IT/JT ) = sdepth(I/J) + 1.
For any monomial ideal J ⊂ S, we denote Jc the K-vector space spanned by all the
monomials not contained in J . With this notation, we have the following lemma.
Lemma 1.2. Let I ⊂ S = K[x1, . . . , xn] be a monomial ideal and u ∈ S a monomial.
Then
I = ((u)c ∩ I)⊕ u(I : u).
Also, Ic = (v)c ⊕ v(I ′)c, where v = GCD(u| u ∈ G(I)) and I ′ = (I : v).
Proof. We have I = I ∩ S = I ∩ ((u)c ⊕ (u)) ∩ I = (u)c ∩ I) ⊕ ((u) ∩ I). In order to
complete the proof, it is enough to show that ((u)∩I) = u(I : u). Indeed, if v ∈ (u)∩I is a
monomial, then v = uw for some monomial w ∈ S. Moreover, since uw = v ∈ I it follows
that w ∈ (I : u) and thus v ∈ u(I : u). The inclusion ((u) ∩ I) ⊇ u(I : u) is similar.
We have Ic = Ic ∩ S = Ic ∩ ((v)c ⊕ (v)) = (Ic ∩ (v)c)⊕ (Ic ∩ (v)) = (v)c ⊕ v(I ′)c.
Proposition 1.3. Let I ⊂ S be a monomial ideal which is not principal. Then:
(1) sdepth(S/I) = sdepth(S/I ′).
(2) sdepth(I) = sdepth(I ′).
(3) sdepth(S/I) ≥ n− c(I).
(4) sdepth(I) ≥ n− c(I) + 1.
(5) sdepth(S/I) ≥ n− g(I).
(6) sdepth(I) ≥ max{1, n− g(I) + 1}.
Proof. (1) By Lemma 1.2, S/I = Ic = (v)c ⊕ vI ′c, where v = GCD(u| u ∈ G(I)) and
I ′ = (I : v). Given a Stanley decomposition S/I ′ =
⊕r
i=1 u
′
iK[Zi], then
⊕r
i=1 vu
′
iK[Zi]
is a Stanley decomposition of v(I ′c). On the other hand, one can easily give a Stanley
decomposition D of (v)c with sdepth(D) = n−1. Thus, we obtain a Stanley decomposition
of S/I with its Stanley depth ≥ sdepth(S/I ′). It follows that sdepth(S/I) ≥ sdepth(S/I ′).
In order to prove the converse inequality, we give S/I =
⊕r
i=1 uiK[Zi] a Stanley de-
composition of S/I. It follows that v(I ′c) =
⊕r
i=1(uiK[Zi]∩ v(I ′c)) =
⊕r
i=1(uiK[Zi]∩ (v)).
We claim that uiK[Zi] ∩ (v) 6= (0) implies LCM(ui, v) ∈ uiK[Zi].
Indeed, if LCM(ui, v) /∈ uiK[Zi] it follows that v/GCD(ui, v) /∈ K[Zi] and therefore,
there exists xj |v/GCD(ui, v) such that xj /∈ Zi. Thus, v cannot divide any monomial of
the form uiy, where y ∈ K[Zi] and therefore uiK[Zi]∩ (v) = (0), a contradiction. We have
proved that LCM(ui, v) ∈ uiK[Zi]. This implies LCM(ui, v)K[Zi] ⊂ uiK[Zi]. Obviously,
LCM(ui, v)K[Zi] ⊂ (v) and thus LCM(ui, v)K[Zi] ⊂ uiK[Zi] ∩ (v).
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On the other hand, if u ∈ uiK[Zi]∩ (v) is a monomial, it follows that ui|u and v|u and
therefore, LCM(ui, v)|u. Since u ∈ uiK[Zi], it follows that u = ui · wi, where supp(wi) ⊂
Zi. Moreover, supp(u/LCM(ui, v)) ⊂ Zi and thus, u ∈ LCM(ui, v)K[Zi]. We obtain
LCM(ui, v)K[Zi] = uiK[Zi] ∩ (v). In conclusion,
vI ′c =
⊕
(v)∩uiK[Zi] 6=0
LCM(ui, v)K[Zi] so I
′c =
⊕
(v)∩uiK[Zi] 6=0
ui
GCD(ui, v)
K[Zi].
It follows that sdepth(S/I ′) ≥ sdepth(S/I), as required.
(2) Suppose I =
⊕r
i=1 uiK[Zi] is a Stanley decomposition for I. One can easily show
that I ′ =
⊕r
i=1 ui/vK[Zi] is a Stanley decomposition for I
′, and thus sdepth(I) ≤ sdepth(I ′).
Conversely, if I ′ =
⊕r
i=1 u¯iK[Zi] is a Stanley decomposition of I
′ it follows that I =⊕r
i=1 u¯ivK[Zi] is a Stanley decomposition of I.
(3) By (1), we can assume that I ′ = I. By reordering the variables, we can assume
that I ⊂ (x1, x2, . . . , xm), where m = c(I). We write I = (I ∩K[x1, . . . , xm])S. Lemma 1.1
implies sdepth(S/I) = sdepth(K[x1, . . . , xm]/(I ∩K[x1, . . . , xm])) + n−m ≥ n−m.
(4) The proof is similar with (3).
(5) In order to prove, we use a strategy similar with the Janet’s algorithm, see [2]. As
in the proof of [7, Proposition 3.4], we use induction on n ≥ 1. If n = 1 there is nothing to
prove. If m = 1, I is principal and thus sdepth(S/I) = n− 1. Suppose n > 1 and m > 1.
Let q = degxn(I) := max{j : xjn|u for some u ∈ G(I)}. For all j ≤ q, we denote Ij the
monomial ideal in S ′ = K[x1, . . . , xn−1] such that I ∩ xjnS ′ = xjnIj. Note that g(Ij) < g(I)
for all j < q and g(Iq) ≤ g(I). We have
S/I = S ′/I0 ⊕ xn(S ′/I1)⊕ · · · ⊕ xq−1n (S ′/Iq−1)⊕ xqn(S ′/Iq)[xn].
It follows that sdepth(S/I) ≥ min{sdepth(S ′/Ij), j < q, sdepth(S ′/Iq) + 1}. By induction
hypothesis, it follows that sdepth(S ′/Ij) ≥ n− 1− q(Ij) ≥ n− 1− (m− 1) = n−m for all
j < q. Also, sdepth(S ′/Iq) ≥ n− 1− g(Iq) ≥ n− 1−m. This complete the proof.
(6) See [7, Proposition 3.4].
Proposition 1.4. Let I ⊂ S be a monomial ideal which is not principal with c(I) = 2 or
g(I) = 2. Then sdepth(I) = n− 1 and sdepth(S/I) = n− 2.
Proof. If c(I) = 2, then, by 1.3(4), it follows that sdepth(I) ≥ n − c(I) + 1 = n − 1.
Similarly, sdepth(I) ≥ n− 1 if g(I) = 2. But sdepth(I) < n, otherwise, I is principal.
Also, by 1.3, sdepth(S/I) ≥ n−2 if c(I) = 2 or g(I) = 2. We consider the case c(I) = 2.
By 1.3(2), we can assume that I = I ′ and supp(I) = {x1, x2}. Since GCD(u| u ∈ G(I)) = 1,
we can assume that xa1 ∈ G(I) for some positive integer a. Let w = xa−11 . Obviously, w /∈ I,
but x1w ∈ I and xk2w ∈ I for k ≫ 0. It follows that w is contained in a Staley space of
S/I with dimension ≤ n− 2 and thus sdepth(S/I) = n− 2.
We consider now the case g(I) = 2. Suppose I = (u1, u2). By 1.3(3), we can assume
GCD(u1, u2) = 1. Therefore, I is a complete intersection and by [6, Proposition 1.2] or
[10, Corollary 1.4], it follows that sdepth(S/I) = n− 2.
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Theorem 1.5. Let I ⊂ S be a monomial ideal. Then sdepth(S/I) = 0 if and only if
I 6= Isat, where Isat = ⋃k≥1(I : (x1, . . . , xn)k) is the saturation of I.
Proof. Suppose I 6= Isat and take u ∈ Isat \ I a monomial. Let S/I = ⊕ri=1 uiK[Zi] be a
Stanley decomposition of S/I. Since u /∈ I it follows that u ∈ uiK[Zi] for some i ∈ [r]. If
xj ∈ Zi, then xkju ∈ uiK[Zi] ⊂ Ic for any k > 0, a contradiction. Therefore, u = ui and
Z = ∅ and thus sdepth(S/I) = 0.
In order to prove the converse, we use induction on n ≥ 1. The case n = 1 is trivial.
Suppose n > 1. We use the decomposition of S/I given by the Janet’s algorithm, see [2].
Let q = degxn(I) := max{j : xjn|u for some u ∈ G(I)}. For all j ≤ q, we denote Ij the
monomial ideal in S ′ = K[x1, . . . , xn−1] such that I ∩ xjnS ′ = xjnIj . With these notation,
we have:
(∗) S/I = S ′/I0 ⊕ xn(S ′/I1)⊕ · · · ⊕ xq−1n (S ′/Iq−1)⊕ xqn(S ′/Iq)[xn].
Since sdepth(S/I) = 0, it follows that sdepth(S ′/Ij) = 0 for some j < q, otherwise, from
the above decomposition it will follow that sdepth(S/I) > 0, a contradiction. By induction
hypothesis, there exists a monomial u ∈ Isatj \ Ij . We consider the monomial w = xjnu.
Since u ∈ Isatj \ Ij it follows that w /∈ I and xkjw ∈ I for k ≫ 0 and j < n. If xknu ∈ I for
some k ≫ 0 we are done.
Now, suppose that for any 0 ≤ j ≤ q and for any monomial u ∈ Isatj \ Ij and for any
positive integer k it follows that xknu /∈ I. For any 0 ≤ j ≤ q, we denote Aj the set of
monomials which are in Isatj \ Ij. By our assumption, we have A0 ⊆ A1 ⊆ · · · ⊆ Aq. Indeed,
if u ∈ Aj for some j < q, then xj+1n u /∈ I and so u /∈ Ij+1. On the other hand, Ij ⊂ Ij+1
and thus u ∈ Isatj+1. Therefore u ∈ Aj+1 and thus Aj ⊂ Aj+1.
Since (Isatj )
sat = Isatj , by induction hypothesis, it follows that sdepth(S
′/Isatj ) ≥ 1.
Suppose Dj : S ′/Isatj =
⊕rj
i=1 uijK[Zij ] is a Stanley decomposition with sdepth(Dj) ≥ 1. It
follows that S ′/Ij =
⊕rj
i=1 uijK[Zij ]⊕
⊕
u∈Aj
uK is a Stanley decomposition of S ′/Ij. By
(∗), it follows that
S/I =
q−1⊕
j=0
(
rj⊕
i=1
xjnuijK[Zij ]⊕
⊕
u∈Aj
xjnuK)⊕
rq⊕
i=1
(xqnuiqK[Ziq, xn]⊕
⊕
u∈Aq
xqnuK[xn]).
Note that A0 ⊆ A1 ⊆ · · · ⊆ Aq implies
q−1⊕
j=0
(
⊕
u∈Aj
xjnuK)⊕
⊕
u∈Aq
xqnuK[xn] =
q⊕
j=0
⊕
u∈Aj\Aj−1
xjnuK[xn],
where A−1 = ∅, and thus
S/I =
q−1⊕
j=0
rj⊕
i=1
xjnuijK[Zij]⊕
rq⊕
i=1
xqnuiqK[Ziq, xn]⊕
q⊕
j=0
⊕
u∈Aj\Aj−1
xjnuK[xn],
is a Stanley decomposition of S/I and therefore, sdepth(S/I) > 0, a contradiction.
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Corollary 1.6. Let I ⊂ S be a monomial ideal. Then sdepth(S/I) = 0 if and only if
depth(S/I) = 0. In particular, sdepth(S/I) = 0 if and only if sdepth(S/Ik) = 0, where
k ≥ 1.
Proof. Since I is a monomial ideal, it follows that depth(S/I) = 0 if and only if (I :
(x1, . . . , xn)) 6= I which is equivalent, by the previous theorem, with sdepth(S/I) = 0.
For the second assertion, note that depth(S/I) = 0 if and only if depth(S/Ik) = 0, where
k ≥ 1.
Proposition 1.7. Let I ⊂ S be a monomial ideal with c(I) = n and (x1, . . . , xn−1) ⊂
√
I.
Then sdepth(S/I) = 0.
Proof. Since (x1, . . . , xn−1) ⊂
√
I it follows that x
aj
j ∈ I for some positive integers aj ,
where j ∈ [n − 1]. Since c(I) = n it follows that there exists a monomial u ∈ G(I) with
xn|u. If u = xann there is nothing to prove, since, in this case, I is Artinian. Suppose this is
not the case. We consider w = u/xn. Obviously, x
aj
j w ∈ I for any j ∈ [n], where an := 1.
Thus, for any Stanley decomposition of S/I, the monomial w lays in a Stanley space of
dimension 0 and therefore sdepth(S/I) = 0.
2 Stanley depth for monomial ideals in three variables
Proposition 2.1. Let I ⊂ K[x1, x2, x3] be a monomial ideal with g(I) = 3 and c(I) = 3.
(1) If
√
I ⊇ (x1, x2) then sdepth(S/I) = 0.
(2) If
√
I = (x1, x2x3) and I = (x
a1
1 , x
b1
2 x
c1
3 , x
a2
1 x
b2
2 x
c2
3 ) then sdepth(S/I) = 0 if and only
if b1 > b2 and c1 < c2 or b1 < b2 and c1 > c2. Otherwise, sdepth(S/I) = 1.
(3) If
√
I = (x1x2, x1x3, x2x3) and I = (x
a1
1 x
b1
2 , x
a2
1 x
c1
3 , x
b2
2 x
c2
3 ) for some positive integers
a1, a2, b1, b2, c1, c2, then sdepth(S/I) = 1 if and only if a2 ≤ a1−1, b1 ≤ b2−1 and c2 ≤ c1−1
or a1 ≤ a2 − 1, b2 ≤ b1 − 1 and c1 ≤ c2 − 1.
Proof. (1) Is a particular case of Proposition 1.7.
(2) Suppose b1 < b2 and c1 > c2. We consider w = x
a2
1 x
b1
2 x
c2
3 . Obviously, w /∈ I, but
xa1−a21 w, x
b2−b1
2 w, x
c1−c2
3 w ∈ I. Therefore, the monomial w lays in a Stanley space of S/I of
dimension 0 and thus sdepth(S/I) = 0. The case b1 > b2 and c1 < c2 is similar.
Since xa11 , x
b1
2 x
c1
3 , x
a2
1 x
b2
2 x
c2
3 are the minimal generators of I it follows that a1 > a2 and
b1 > b2 or c1 > c2. It is enough to consider the case b1 > b2 and c1 ≥ c2. By a straightforward
computation, (I : (x1, x2, x3)) = I, and therefore, by Theorem 1.5, sdepth(S/I) = 1.
(3) We have (I : x1) = (x
a1−1
1 x
b1
2 , x
a2−1
1 x
c1
3 , x
b2
2 x
c2
3 ), (I : x2) = (x
a1
1 x
b1−1
2 , x
a2
1 x
c1
3 , x
b2−1
2 x
c2
3 )
and (I : x3) = (x
a1
1 x
b1
2 , x
a2
1 x
c1−1
3 , x
b2
2 x
c2−1
3 ). Since (I : (x1, x2, x3)) =
⋂3
i=1(I : xi), we get
(I : (x1, x2, x3)) = I + (x
a1−1
1 x
b1
2 , x
a2−1
1 x
c1
3 ) ∩ (xa11 xb1−12 , xb2−12 xc23 ) ∩ (xa21 xc1−13 , xb22 xc2−13 ) =
= I+(xa1−11 x
max{b1,b2−1}
2 x
c2
3 , x
max{a1,a2−1}
1 x
b1−1
2 x
c1
3 , x
a2−1
1 x
b2−1
2 x
max{c1,c2}
3 )∩(xa21 xc1−13 , xb22 xc2−13 )
= I + (x
max{a1−1,a2}
1 x
max{b1,b2−1}
2 x
max{c1−1,c2}
3 , x
max{a1,a2−1}
1 x
max{b1−1,b2}
2 x
max{c1,c2−1}
3 ).
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Note that x
max{a1−1,a2}
1 x
max{b1,b2−1}
2 x
max{c1−1,c2}
3 ∈ I if and only if a2 ≤ a1 − 1, b1 ≤
b2 − 1 and c2 ≤ c1 − 1. Also, xmax{a1,a2−1}1 xmax{b1−1,b2}2 xmax{c1,c2−1}3 ∈ I if and only if
a1 ≤ a2 − 1, b2 ≤ b1 − 1 and c1 ≤ c2 − 1. Thus, by Theorem 1.5, we are done.
Example 2.2. Let I = (x21x2, x
2
2x3, x
2
3x1) and J = (I, x1x2x3). One can easyly see that J =
(I : (x1, x2, x3)) = (J : (x1, x2, x3)). Thus, by 1.5, sdepth(S/I) = 0 and sdepth(S/J) = 1.
This proposition and the results of the first section, give an algorithm to compute the
sdepth(S/I), where I ⊂ S = K[x1, x2, x3] is a monomial ideal.
Theorem 2.3. Let I ⊂ S = K[x1, x2, x3] be a monomial ideal.
(a) If g(I) = 1 then sdepth(S/I) = 2. If g(I) = 2 then sdepth(S/I) = 1.
(b) If g(I) ≥ 3 and c(I) = 2 then sdepth(S/I) = 1.
(c) If g(I) = 3 and c(I) = 3, then I ′ satisfies the hypothesis of Proposition 2.1 and
sdepth(S/I) = sdepth(S/I ′).
(d) If g(I) =: m > 3 and c(I) = 3, for every subset σ ⊂ [m] with |σ| = 3 we consider
the ideal Iσ = (uσ(1), uσ(2), uσ(3)), where G(I) = {u1, . . . , um}. If sdepth(S/Iσ) = 1 for all
σ then sdepth(S/I) = 1. Otherwise, if I 6= (I : (x1, x2, x3)) then sdepth(S/I) = 0.
Proof. (a,b) If g(I) = 1 then I is principal, and therefore sdepth(I) = 2. If g(I) = 2 or
c(I) = 2, by Proposition 1.4, it follows that sdepth(S/I) = 1.
(c) I ′ is a monomial ideal minimally generated by three monomials u1, u2, u3 with
GCD(u1, u2, u3) = 1. One can easily see that
√
I ′ must be in one of the three cases of
Proposition 2.1. By Proposition 1.3(1), sdepth(S/I) = sdepth(S/I ′).
(d) Assume I 6= Isat and choose a monomial w ∈ (I : (x1, x2, x3)) \ I. Therefore, there
exists some minimal generators u1, u2, u3 ∈ G(I) such that uj|xjw for any j ∈ [3]. Note that
u1, u2 and u3 are distinct. Indeed, if we assume by contradiction that u1 = u2, since u1|x1w
and u1|x2w it follows that u1|w, which is absurd! Thus, w ∈ (u1, u2, u3)sat \ (u1, u2, u3) and
therefore, by 1.5, sdepth(S/(u1, u2, u3)) = 0.
Theorem 2.4. Let I ⊂ S := K[x1, x2, x3] be a monomial ideal with g(I) = 3 and c(I) = 3.
Then sdepth(I) = 2.
Proof. By Proposition 1.3(2), we can assume that I = I ′. If I is generated by powers of
variables then, by [5, Theorem 1.3] or [7, Proposition 3.8], it follows that sdepth(I) = 2. If
this is not the case, we must consider several cases.
(1) If
√
I = (x1, x2), then I = (x
a
1, x
b
2, x
a1
1 x
b1
2 x
c1
3 ), where a, b, a1, b1, c1 are some positive
integers such that a > a1 and b > b1. By Lemma 1.2, we have:
I = ((xa11 )
c ∩ I)⊕ xa11 (I : xa11 ) =
a1−1⊕
j=0
xj1x
b
2K[x2, x3]⊕ xa11 (xa−a11 , xb2, xb12 xc13 ).
We denote J = (xa−a11 , x
b
2, x
b1
2 x
c1
3 ). By Lemma 1.2, we have:
J = ((xb12 )
c ∩ J)⊕ xb12 (J : xb12 ) =
b1−1⊕
j=0
xa−a11 x
j
2K[x1, x3]⊕ xb12 (xa−a11 , xb−b12 , xc13 ).
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By [5, Theorem 1.3] or [7, Proposition 3.8], sdepth((xa−a11 , x
b−b1
2 , x
c1
3 )) = 2, and therefore,
from the above decompositions, it follows that sdepth(J) = 2 and thus sdepth(I) = 1.
(2) If
√
I = (x1, x2x3), then I = (x
a1
1 , x
b1
2 x
c1
3 , x
a2
1 x
b2
2 x
c2
3 ), where a1, a2, b1, b2, c1, c2 are
some positive integers such that a1 > a2 and b1 > b2 or c1 > c2. It is enough to consider
the case b1 > b2. By Lemma 1.2,
I = ((xb22 )
c ∩ I)⊕ xb22 (I : xb22 ) =
b2−1⊕
j=0
xa11 x
j
2K[x1, x3]⊕ xb22 (xa11 , xb1−b22 xc13 , xa21 xc23 ).
We denote J = (xa11 , x
b1−b2
2 x
c1
3 , x
a2
1 x
c2
3 ). If c1 < c2, by Lemma 1.2, we have:
J = ((xc13 )
c ∩ J)⊕ xc13 (J : xc13 ) =
c1−1⊕
j=0
xa11 x
j
3K[x1, x2]⊕ xc13 (xa11 , xb1−b22 , xa21 xc2−c13 ).
By (1), sdepth((xa11 , x
b1−b2
2 , x
a2
1 x
c2−c1
3 )) = 2 and thus, from the above decompositions, it
follows that sdepth(I) = 2.
(3) If
√
I = (x1x2, x1x3, x2x3), then I = (x
a1
1 x
b1
2 , x
a2
1 x
c1
3 , x
b2
2 x
c2
3 ), where a1, a2, b1, b2, c1, c2
are some positive integers. We may assume a1 ≥ a2. By Lemma 1.2, it follows that
I = ((xa21 )
c ∩ I)⊕ xa21 (I : xa21 ) =
a2−1⊕
j=0
xj1x
b2
2 x
c2
3 K[x2, x3]⊕ xa21 (xa1−a21 xb12 , xc13 , xb22 xc23 ).
We denote J = (xa1−a21 x
b1
2 , x
c1
3 , x
b2
2 x
c2
3 ). If a1 = a2, then c(J) = 2 and therefore sdepth(J) =
2. Suppose a1 > a2. If c1 ≤ c2 it follows that g(J) = 2 and therefore sdepth(J) = 2. Other-
wise, J is an ideal in the case (2) and thus sdepth(J) = 2. From the above decomposition
of I, it follows that sdepth(I) = 2.
Example 2.5. Let I = (x31, x
2
2x
2
3, x1x
3
2x3). We have:
I = ((x22)
c ∩ I)⊕ x22(I : x22) = x31K[x1, x3]⊕ x31x2K[x1, x3]⊕ x22(x31, x23, x1x2x3),
On the other hand,
(x31, x
2
3, x1x2x3) = x
2
3K[x2, x3]⊕x1(x21, x23, x2x3) = x23K[x2, x3]⊕x31K[x1, x2]⊕x21x3(x21, x2, x3).
We obtain the following Stanley decomposition of I:
I = x31K[x1, x3]⊕ x31x2K[x1, x3]⊕ x22x23K[x2, x3]⊕ x22x31K[x1, x2]⊕
⊕x21x22x3(x2K[x2, x3]⊕ x1x2K[x2, x3]⊕ x21K[x1, x3]⊕ x3K[x1, x2]⊕ x21x2x3K[x1, x2, x3]).
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Remark 2.6. The conclusion of the Theorem 2.4 is not true for g(I) ≥ 4. Indeed, con-
sider the ideal I = (x21, x
2
2, x
2
3, x1x2) ⊂ S. We consider a Stanley decomposition of I,
D : I = ⊕ri=1 uiK[Zi]. We assume that sdepth(D) = 2, and thus |Zi| ≥ 2 for all i.
Since x21, x
2
2, x
2
3, x1x2 are the minimal generators of I, we can assume that ui = x
2
i for
i ∈ [3] and u4 = x1x2. If {x2, x3} ⊂ Z1 it follows that x1 /∈ Z2, otherwise x21x22 ∈
x21K[Z1] ∩ x22K[Z2]. Similarly, x1 /∈ Z3. Therefore, Z2 = Z3 = {x2, x3}. But in this case,
x22x
2
3 ∈ x22K[Z2] ∩ x23K[Z3], a contradiction.
Thus, we may assume Z1 = {x1, x2}, Z2 = {x2, x3} and Z3 = {x3, x1}. If x1 ∈ Z4 then
x21x1 ∈ x21K[x1, x2] ∩ x1x2K[Z4], a contradiction. Thus x1 /∈ Z4. Similarly, x2 /∈ Z4 and
therefore, |Z4| ≤ 1. This contradict sdepth(D) = 2. It follows that sdepth(I) = 1.
An interesting problem, put by Jurgen Herzog, is to compute the Stanley depth of the
powers of the maximal ideal (x1, . . . , xn) ⊂ K[x1, . . . , xn]. We consider the case n = 3 and
k ≥ 2. Let I = (x1, x2, x3)k ⊂ K[x1, x2, x3]. Using the same argument as above, we can
easily see that sdepth(I) = 1.
Lemma 2.7. Let I ⊂ S := K[x1, x2, x3] be a monomial ideal such that I = I ′. For j ∈ [3]
we denote Ij := I ∩ Sj := K[Zj ], where Zj = {x1, x2, x3} \ {xj}. If Isat = I then there
exists some j ∈ [3] such that Isatj = Ij.
Proof. If I = S there is nothing to prove, so we can assume I 6= S. Since Isat = I, it
follows that m = (x1, x2, x3) /∈ Ass(S/I). Since I = I ′, it follows that (xj) /∈ Ass(S/I) for
all j ∈ [n]. We denote mj the irrelevant ideal of Sj. Therefore, Ass(S/I) ⊂ {m1,m2,m3}.
Thus, we can find a decomposition I =
⋂3
j=1Qj such that Qj is mj-primary or Qj = S
for all j ∈ [3]. It follows that Ik =
⋂3
j=1(Qj ∩ Sk). We assume Q1 = (xa2, xb3, . . .), Q2 =
(xc1, x
d
3, . . .) and Q3 = (x
e
1, x
f
2 , . . .) where a, b, c, d, e, f are some nonnegative integers. By
reordering the variables, we can assume a ≥ f . It follows that Q1 ∩ S3 = (xa2) ⊂ Q3.
Therefore, I3 = (x
a
2) ∩ (xd3) = (xa2xd3) is principal and moreover, I3 = Isat3 .
Proposition 2.8. Let I ⊂ S := K[x1, x2, x3] be a monomial ideal which is not principal.
If I = Isat then sdepth(I) = 2.
Proof. Since sdepth(I) = sdepth(I ′) and Isat = vI ′sat, where v = GCD(u| u ∈ G(I)),
we may assume I = I ′. If c(I) = 2 or g(I) = 2 there is nothing to prove, and therefore,
we may assume that c(I) = 3 and g(I) ≥ 3. We use the notations from Lemma 2.7. By
2.7, we can assume that Isat1 = I1 and I1 is principal. Thus sdepth(I1) = 2. We write
I = I1 ⊕ x1(I : x1). Obviously, I ( (I : x1) and (I : x1)sat = (I : x1). We can use the same
procedure for (I : x1). We obtain a chain of ideals which must stop. Thus, we obtain a
Stanley decomposition of I with its Stanley depth equal to 2.
Remark 2.9. The converse of 2.8 is not true, take for instance m = (x1, x2, x3) ⊂
K[x1, x2, x3]. By Stanley’s conjecture, it would be expected that any monomial ideal
I ⊂ S = K[x1, . . . , xn] with sdepth(I) = 1 has also depth(I) = 1. But depth(I) = 1
if and only if depth(S/I) = 0, which is equivalent with Isat 6= I. So, by 2.8, it follows that
if I ⊂ S := K[x1, x2, x3] has sdepth(I) = 1 then depth(I) = 1. Unfortunatelly, a similar
result to Lemma 2.7 is not true for n ≥ 4.
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Let S = K[x1, x2, x3, x4], Q1 = (x
3
2, x
2
3, x4), Q2 = (x
3
1, x3, x
2
4), Q3 = (x
2
1, x2, x
3
4), Q4 =
(x1, x
2
2, x
3
3) and I = Q1 ∩ Q2 ∩ Q3 ∩ Q4. With similar notations as those of 2.7, one can
easily see that Ik = I ∩ Sk =
⋂4
j=1(Qj ∩ Sk) is a reduced primary decomposition of Ik. In
particular, mk =
√
Qj ∩ Sj ∈ Ass(Sj/Ij) and thus Isatj 6= Ij.
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